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Abstrat
In this paper, we dene NC omplex spaes as omplex spaes together with
a struture sheaf of assoiative algebras in suh a way that the abelization of the
struture sheaf is the sheaf of holomorphi funtions.
Introdution
We want to study nonommutative strutures on underlying lassial geometri ob-
jets. A few words to motivate this objetive: Let (spaes) be one of the following
ategories: (shemes), (varieties), (analyti spaes), (smooth manifolds) or an appro-
priate subategory of one of them. In partiular, (spaes) is a subategory of the
ategory of loally ringed spaes, i.e. a spae onsists of a topologial spae X and
a struture sheaf O of ommutative rings and perhaps of extra data. Deformation
quantization leads to the problem of nding an extension (NC spaes) of the ategory
(spaes), suh that for a spae (X,O) and a non ommutatively deformed struture
sheaf O′ with abelization O, the pair (X,O′) still belongs to (NC spaes). More gener-
ally, if O′ is a bre of a deformation of the struture sheaf O of X, there should should
be an objet (X ′,O′) of (NC spaes), where X ′ is obtained by a lassial deformation
of X.
Kapranov [2℄ has dened an extension (NC shemes) of the ategory (shemes) in
whih at least formal nonommutative deformations of the struture sheaf of a sheme
live. In this paper, we onstrut suh an extension (NC omplex analyti spaes) of
the ategory of omplex analyti spaes. An advantage of the analyti ontext is that
we an allow loal nonommutative deformations, i.e. deformations parametrized by a
spae germ, not only formal deformations, within the ategory (NC omplex analyti
spaes). This paper only ontains the denition and some examples of NC omplex
analyti spaes. Their deformations will be desribed in a forthomming paper.
In the rst setion, we give the prerequisites on nonommutative power series and
introdue onvergent nonommutative power series. In the seond setion, we on-
strut a natural nonommutative struture sheaf on the n-dimensional ane omplex
spae and show that loal models of analyti spaes an be equipped with a non-
ommutative struture sheaf. NC omplex analyti spaes are just dened as the
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objets obtained by glueing suh NC loal models. In the third setion, we give sev-
eral examples of NC omplex analyti spaes, like supermanifolds and NC projetive
varieties.
1 Nonommutative power series
The starting point of the theory of NC omplex spaes is to replae power series
where-ever they our in the theory of holomorphi funtions by nonommutative
power series.
Multi-indies For eah multi-index I = (i1, . . . , ik) in {1, . . . , n}
k
, set
xI := xi1 · . . . · xik ,
#I := k.
By denition, there is an empty multi-index 0 with x0 = 1, #0 = 0. For multi-indie
I, J , set I + J := (i1, . . . , i#I , j1, . . . , j#J). Let I < J be the relation #I < #J and I
is obtained from J by deletion of indies. Observe that, if I ≤ J (i.e. I < J or I = J),
then there exists an order-preserving, injetive map α from the set {1, . . . ,#I} into
{1, . . . ,#J} suh that ik = jα(k), for k = 1, . . . ,#I. We say that α is a map from I
to J . Write
(
J
I
)
for the number of suh maps α : I −→ J . By denition,
(
J
0
)
= 1,
for any J . Obviously,
(
J
I
)
≤
(#J
#I
)
. Set J −α I to be the multi-index obtained from J
by deletion of jα(1), . . . , jα(#I). For elements p ∈ C
n
, we an just write pJ−I insetad
of pJ−αI , sine this value does not depend on the map α. A multi-index I is alled
ordered, if ik ≤ il, for k < l.
Formal and onvergent power series For an element p = (p1, . . . , pn) ∈ C
n
, we
write C[[x1 − p1| . . . |xn − pn]] for the nonommutative power series algebra in formal
variables xi − pi and C[x1 − p1| . . . |xn − pn] for the subalgebra of nonommutative
polynomials. We have a anonial epimorphism ab from C[[x1 − p1| . . . |xn − pn]] to
the ommutative power series algebra C[[x1 − p1, . . . , xn − pn]]. Set fab := ab(f). A
nonommutative power series
f =
∑
I
aI(x− p)
I =
∞∑
m=0
∑
#I=m
aI(x− p)
I
in C[[x1 − p1| . . . |xn − pn]] is alled onvergent, if the image fabs of
∑
I |aI |(x− p)
I
under ab is onvergent. Write C{x1 − p1| . . . |xn − pn} for the algebra of onvergent
nonommutative power series, and for r ∈ Rn>0, write Cr{x1− p1| . . . |xn− pn} for the
subalgebra onsisting of those f suh that fabs onverges on the open polydisk P (p, r)
with multiradius r entered at p. Given suh an f , for elements q in P (p, r), set f(q) :=
fab(q). Lets make the onvention that C{x − p} stands for C{x1 − p1| . . . |xn − pn}
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(always with n variables) and that C{y−q} stands for C{y1−q1| . . . |ym−qm} (always
with m variables).
A nonommutative power series f =
∑
I aI(x− p)
I
is alled ommlike, if aI = 0, for
nonordered I. The map ab from the nonommutative to the ommutative power series
ring has a splitting unab in the ategory of C-vetorspaes, suh that the omposition
unab ◦ ab xes exatly the ommlike power series.
Morphisms If g =
∑
J bJ(x − p)
J
is a power series in C[[x − p]] and if the power
series f1, . . . , fm with fν =
∑
I aν,I(y − q)
I
belong to the maximal ideal m[[y−q]] of
C[[y − q]], we an form the power series
g(f1, ..., fm) :=
∑
J
(
∑
bK · ak1,I1 · . . . · akk#K,Ik,#K )(y − q)
J ,
where the sum in the braket is over all multi-indies K suh that J = Ik1+ . . .+Ik#K .
A morphism C[[x − p]] −→ C[[y − q]] of nonommutative power series algebras is
a loal algebra homomorphism of the form g 7→ g(f1, . . . , fn), for a given n-tuple
(f1, . . . , fn) of elements of m[[y−q]].
Proposition 1.1. If g and eah fi are onvergent power series, then g(f1, . . . , fm) is
also onvergent.
A morphism C{x − p} −→ C{y − q} of onvergent nonommutative power series
algebras is a loal algebra homomorphism of the form g 7→ g(f1, . . . , fn), for a given
n-tuple (f1, . . . , fn) of elements of m{y−q}.
Proposition 1.2. Let f : C[[x− p]] −→ C[[y − q]] and g : C[[y − q]] −→ C[[z − r]] be
given by f(xν − pν) =
∑
I aν,I(y − q)
I
and g(yµ − qµ) =
∑
J bµ,J(z − r)
J
. Then, we
have g(f(xν − pν)) =
∑
K cK(z − r)
K
, with
cK =
∑
I
aν,I
∑
bi1,J1 · . . . · bi#I ,J#I ,
where the seond sum is taken over all multi-indies J1, . . . , J#I suh that J1 + . . . +
J#I = K.
For an endomorphism f of C[[x − p]], with f(xν − pν) =
∑
I aν,I(x − p)
I
, set Jf to
be the n× n-matrix (aν,i)ν,i.
Theorem 1.3. An endomorphism f of C[[x− p]] is an automorphism, if and only if
Jf is invertible.
Proof. Suppose that Jf is invertible. Indutively, for k ≥ 1, µ = 1, . . . , n and J ∈
{1, . . . , n}µ, we will dene oeients bµ,J ∈ C suh that the endomorphism g
(k)
of
C[[x − p]] with g(k)(xµ − pµ) =
∑
#J≤k bµ,J(x − p)
J
is inverse to f modulo mk+1[[x−p]].
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For k = 1, by Proposition 1.1, the neessary (and suient) onditions are
n∑
i=1
aν,ibi,ν =1 for all ν,
n∑
1=1
aν,ibi,µ =0 for all ν 6= µ.
We an nd suh oeients, if and only if Jf is invertible. Now suppose that Jf is
invertible and that the oeients bµ,J are onstruted adequately, for #J ≤ k − 1.
For xed J with #J = k, we have to nd bµ,J suh that
n∑
i=1
aν,ibi,J +
∑
#I≥2
aµ,I
∑
bi1,J1 · . . . · bi#I ,J#I = 0.
The seond sum is known, and sine Jf is invertible, we an nd adequate b1,J , . . . , bn,J .

Corollary 1.4. Eah lift of an automorphism of a ommuative (onvergent) power
series ring to an endomorphism of the nonommutative (onvergent) power series ring
is again an automorphism.
Complete tensor produts For power series algebras C[[x]] = C[[x1|...|xn]] and
C[[y]] = C[[y1|...|ym]], we dene the free produt
C[[x]] ∗C[[y]] := C[[x1|...|xn|y1|...|yn]]
and the analyti tensor produt C[[x]]⊗ˆCC[[y]] as the power series algebra in
x1, ..., xn and y1, ..., ym, where the yj are assumed to ommute with the xi. We
make the orresponding denitions for onvergent power series algebras.
Finitely generated ideals In the NC analyti ontext, the onept of nitely gen-
erated two-sided ideals has to be slightly adapted. As a reason, we give the following
example:
Example 1.5. Let (x) be the two-sided ideal of C[[x|y]], onsisting of all nonommu-
tative power series where at least one fator x arises in eah monomial. Observe that
(x) is not the two-sided ideal generated by x in the algebrai sense.
Proof. Assume that (x) is the two-sided ideal generated by x in the algebrai sense.
Then we an nd power series fi =
∑
j aijy
j
and gi =
∑
j bijy
j
in C[[y]], i = 1, . . . , N
suh that
xyx+ y2xy2 + ... =
N∑
i=1
fi(y) · x · gi(y).
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The right hand-side takes the form
∑
j,k(
∑
i aijbik)y
jxyk. In partiular, for j, k ≤
N + 1, we would get
∑N
i aijbik = δj,k, whih is impossible, sine the left hand-side is
a produt of two matries of rank at most N . 
By denition, the opposite algebra C[[x]]op {fop : f ∈ C[[x]]} of C[[x]] is the set {fop :
f ∈ C[[x]]} with operations fop1 +f
op
2 = (f1+f2)
op
and fop1 ·f
op
2 = (f2 ·f1)
op
. Observe
that C[[x]]op is naturally isomorphi to the power series algebra C[[xop1 |...|x
op
n ]] and
the assignment x 7→ xop denes an isomorphism OP : C[[x]] −→ C[[x]]op. Attention,
in general, OP(f) 6= fop, for example, OP(x1x2) = x
op
1 x
op
2 = (x2x1)
op
. We dene the
(omplete) envelopping algebra C[[x]]eˆ of C[[x]] as C[[x]]⊗ˆCC[[x]]
op
. Consider the
natural epimorphism
αˆ : C[[x]]eˆ −→ C[[x]].
For a two-sided ideal J ⊆ C[[x]], the inverse image αˆ−1(J) is not, in general a left
ideal of C[[x]]eˆ, sine it is not, in general, losed under left multipliation by elements
of C[[x]]eˆ. We dene the ompletion Jˆ of J as the image under αˆ of the C[[x]]eˆ-left
ideal generated by αˆ−1(J). For simpliity, for elements f1, ..., fm in C[[x]], we shall
write (f1, ..., fm) for the ompletion of the two-sided ideal generated by the fi. A
two-sided ideal of the form (f1, ..., fm) will be alled nitely generated.
Proposition 1.6. The Kernel K of the abelization ab : C[[x1|...|xn]] −→ C[[x1, . . . , xn]]
is nitely generated by the ommutators [xi, xj ] = xixj − xjxi, for 1 ≤ i < j ≤ n.
Proof. We show that for eah nonommutative power series f , the dierene f −
fab,unab is in the image under αˆ of the C[x]
eˆ
-left ideal generated by the ommutators
[xi, xj ], for i < j. Without restrition, let f be the sum of its homogeneous omponents
fk of degree k ≥ 2. Eah dierene fk − fab,unab,k is of the form αˆ(
∑
i<j c
ij
k · [xi, xj ]),
for ertain homogeneous ci,jk in C[x]
eˆ
of degree k − 2. Thus f − fab,unab is the image
under αˆ of
∑
i<j(
∑
k c
ij
k ) · [xi, xj ]. 
Loality A family (hα)α∈A of power series in C[[x− p]] is alled summable, if, for
eah multi-index I, there are only nitely many α ∈ A suh that hα,I 6= 0. In this
ase, we an form the power series∑
α∈A
hα :=
∑
I
(
∑
α
hα,I)(x− p)
I .
Proposition 1.7. Both, C[[x− p]] and C{x− p}, are loal rings with maximal two-
sided ideal mp generated by x1 − p1, . . . , xn − pn.
Proof. It sues to show that eah element f of C[[x−p]]\mp is a left-and right unit.
Without restrition, say f0 = 1. Then the family (1 − f)
j ; j ≥ 0 is summable. We
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have
f ·
∞∑
j=0
(1− f)j = (1− (1− f))
∞∑
j=0
(1− f)j =
=
∞∑
j=0
(1− f)j −
∞∑
j=1
(1− f)j = 1.
Thus f is a left unit. In the same way, we show that f is a right unit. If f is onver-
gent, the sum
∑
(1−f)j is also onvergent. This follows exatly as in the ommutative
ase. 
2 NC omplex analyti spaes
NC funtions on polydisks
Proposition 2.1. Fix a point p in Cn. If f =
∑
I aI(x − p)
I
is a nonommutative
power series in Cr{x − p} onverging on the open polydisk P (p, r) of multi-radius r,
then, for eah muti-index J with J ≤ I, the power series
aJ(z) :=
∑
α
aI(z − p)
I−αJ ,
where the sum is taken over all maps α : J −→ I of multi-indies, onverges on
P (p, r).
Proof. We must show that, for q ∈ P (p, r), the series
aJ(q) =
∑
I
(
I
J
)
aI(q − p)
I−J
onverges absolutely. We may assume that all aI are positive real numbers and that
(p− q) is in Rn≥0. The produt aJ(q) · (q − p)
J
lower or equals
∑
I≥J
(
#I
#J
)
aI(q − p)
I
,
whih lower or equals
∑∞
m m
#J
∑
#I=m aI(q − p)
I
. The latter onverges by the quo-
tient riterium, sine we know that f onverges absolutely at q. 
The following statement is an immediate onsequene of the orreponding statement
for ommutative power series:
Proposition 2.2. Let r′ ∈ Rn>0 be a mult-radius suh that the open polydisk P (q, r
′)
is ontained in P (p, r). The power series fq :=
∑
J aJ(q)(z−q)
J
onverges on P (q, r′)
and represents the funtion fab|P (q,r′).
6
Proposition 2.3. Let p and q be points in Cn and r, r′ ∈ Rn>0 multi-radius suh that
P (q, r′) is ontained in the open polydisk P (p, r). The map
αr(p, q) : Cr{x− p} −→ Cr′{x− q}∑
I
aI(x− p)
I 7→
∑
J
aJ(q)(x− q)
J ,
with aJ(q) as in Proposition 2.1, is an algebra homomorphism.
Proof. Consider two elements f =
∑
I aI(x−p)
I
and f˜ =
∑
I a˜I(x−p)
I
of Cr{x−p}.
We have
f · f˜ =
∑
K
(
∑
aI · a˜I˜)(x− p)
K ,
where the sum bK in the braket is over all I and I˜ suh that K = (I, I˜). We get
αr(p, q)(f · f˜) =
∑
L
bL(q)(x− q)
L,
where bL(q) is the sum
∑
K≥L
(
K
L
)
bK(q − p)
K−L =
∑
K≥L
∑(K
L
)
aI · a˜I˜(q − p)
K−L.
For a given L, the 4-tuples (K,α, I, I˜), where α : L −→ K is a map of multi-indies
and I, I˜ are multi-indies suh that K = (I, I˜), are in one-to-one orrespondene
with the 6-tuples (J, J˜ , I, I˜ , α1, α2), where J, J˜ are multi-indies suh that L = (J, J˜)
and α1 : J −→ I and α2 : J˜ −→ I˜ are maps of multi-indies. To the 4-tuple
(K,α, I, I˜), assign (α−1(I), α−1(I˜), I, I˜ , α|J , α|J˜ ). To the 6-tuple (J, J˜ , I, I˜ , α1, α2),
assign ((I, I˜), (α1, α2), I, I˜). Observe that, for orresponding tuples, we have
(
K
L
)
=(
I
J
)
·
(
I˜
J˜
)
. We an thus write αr(p, q)(f · f˜) as
∑
L cL(x− q)
L
, where
cL =
∑∑
I≥J
∑
I˜≥J˜
(
I
J
)
·
(
I˜
J˜
)
aI · a˜I˜(q − p)
I−J,I˜−J˜ .
Here, the rst sum is over all J, J˜ suh that L = (J, J˜). But
∑
L cL(x − q)
L =
(
∑
J aJ(x − q)
J) · (
∑
J˜ a˜J(x − q)
J˜), whih is just the produt of αr(p, q)(f) and
αr(p, q)(f˜). 
Example 2.4. Let n = 2, p = 0 and f = x1x2 − tx2x1. For any q = (q1, q2) ∈ C
2
,
we get a0(q) = q1q2 − tq2q1 = (1 − t)q1q2. a(1)(q) = a(1,2)q
(2) + a(2,1)q
(2) = (1 − t)q2,
a(2)(q) = a(1,2)q
(1)+a(2,1)q
(1) = (1−t)q1, a(1,2)(q) = a(1,2) = 1, a(2,1)(q) = a(2,1) = −t.
Thus,
∑
J aJ(q)(x− q)
J = (1− t)q1q2 + (1− t)q2(x1− q1)+ (1− t)q1(x2− q2)+ (x1−
q1)(x2 − q2)− t(x2 − q2)(x1 − q1).
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The ane analyti NC spae For open subsets U ⊆ Cn, set O(U) to be the set of
all elements (fp)p∈U of the produt
∏
p∈U C{x− p} suh that the following ondition
holds: Let p be a point in U and suppose that fp onverges on the open polydisk
P (p, r) ⊆ U . Then, for eah q in P (p, r), we have fq = αr(p, q)(fp). It follows by
Proposition 2.3, that O(U) is an assoiative ring. In onsequene, the assignment
O : U 7→ O(U)
denes a sheaf of assoiative C-algebras on C
n
. Write Oab for the sheaf of holomorphi
funtions on C
n
.
Proposition 2.5. We have a natural epimorphism ab : O −→ Oab of sheaves of
rings, whih splits as a morphism of sheaves of vetor spaes.
Proof. For open subsets U of Cn, we identify Oab(U) with set of families (gp)p∈U
of ommuative power series gp ∈ C{x1 − p1, . . . , xn − pn}, suh that the funtions
represented by gp and gq oinide on the intersetion of the onvergene regions of gp
and gq (if gp onverges absolutely at q this is equivalent to αr(p, q)(gp,unab) = gq,unab).
Now, ab(U) maps an element (fp)p∈U of O(U) to the family (fp,ab). We even get
that O(U) is surjetive, for any open subset of Cn, sine O(U) splits by the map
g = (gp)p∈U 7→ (gp,unab)p∈U . 
By the following proposition, together with Proposition 1.7, the pair (Cn,O) is a
loally assoiative ringed spae.
Proposition 2.6. For eah point p ∈ Cn, the stalk Op is isomorphi to the nonom-
mutative onvergent power series ring C{x− p}.
Proof. Exerise. 
Loal models Now we are able to dene loal models of NC analyti spaes. Let
U be an open subset of Cn. Let OU be the restrition of O to U . Let I be a
sheaf of twosided ideals of OU , suh that Iab is a oherent OU,ab-module. Let V be
the subset of U given by the zeros of Iab. Write ι for the inlusion V −→ U . Set
OV := ι
−1(OU/I).
Proposition 2.7. For q ∈ V , the stalk OV,q is naturally isomorphi to the quotient
of C{x− q} by the twosided ideal by Iq.
In onsequene, the pair V (I) := (V,OV ) is a loally assoiative ringed spae. Pairs
of this form will be alled loal models of NC omplex analyti spaes. Observe
that the abelization (V,OV,ab) is a loal model of a omplex analyti spae in the
lassial sense.
Example 2.8. Let K be the kernel of the sheaf homomorphism ab : OU −→ OU,ab.
Then Kab = 0 is oherent and the pair V (I) is just a loal model for a (ommutative)
analyti manifold.
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NC omplex spaes Now, we ome to the main denition.
Denition 2.9. An NC omplex analyti spae is a loally assoiative ringed
spae (X,OX ), loally isomorphi to a loal model. An NC omplex analyti
manifold is a loally assoiative ringed spae, loally isomorphi to an open subspae
of C
n
with the anonial NC struture.
3 Examples
Example 3.1. (Loal models)
Choose any splitting s : Oab −→ O of the abelization map in the ategory of sheaves of
C-vetor spaes. For any loal model Xab = V (U,Iab) of a omplex analyti spae, set
I to be the two-sided ideal (sI)∧, generated by the image of Iab under s. (To generate
more examples, add subsheaves of the ommutator sheaf to I .) We have ab(I) = Iab.
Then the NC loal model X = V (U,I) has the same underlying topologial spae as
Xab and OXab = ab(OX).
Example 3.2. (Analyti supermanifolds)
By denition, an analyti supermanifold is a loally ringed spae (M,OM ) with a
Z/2-graded struture sheaf OM = O
0
M ⊕O
1
M suh that the following two onditions
hold:
(1) Let OredM := OM/(O
1
M ) be the quotient of OM modulo the two-sided ideal,
generated by O1M . The pair (M,O
red
M ) is a usual analyti manifold.
(2) There is an r ≥ 0 and eah point of M has an open neighbourhood P in M suh
that the restrition OM |P of the struture sheaf is isomorphi to the exterior
OredM |P -algebra over the free O
red
M |P -module of rank r.
Eah analyti supermanifold is an NC omplex analyti spae: Let M red = (M,OredM )
be n-dimensional. Choose an analyti atlas of M red of the form
{φk : P (p
(k), r(k)) −→ P (k)| k ∈ K},
where (P (k))k∈K is an open overing of M suh that the restrition OM |P (k) satises
ondition (2). Consider the sheaf I of two-sided ideals of the NC struture sheaf
OP (p(k),r(k))×Cr of P (p
(k), r(k))× Cr, generated by the following relations:
[xi − p
(k)
i , xj − p
(k)
j ] for 1 ≤ i < j ≤ n,
[xi − p
(k)
i , yj ] for i = 1, . . . , n and j = 1, . . . , r,
yiyj + yjyi for 1 ≤ i ≤ j ≤ r.
Observe that the abelization Iab is oherent, and we have an isomorphism
(P (k),OM |P (k))
∼= V (P (p(k), r(k)),I).
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Example 3.3. (NC projetive spae)
The (ommutative) projetive spae CP 2 is obtained by glueing three opies U1, U1
and U2 of C
2
along the following isomorphisms between open subsets:
U01 −→ U10, (x1, x2) 7→ (
1
x1
, x2
x1
),
U02 −→ U20, (x1, x2) 7→ (
1
x2
, x1
x2
),
U12 −→ U21, (y1, y2) 7→ (
y1
y2
, 1
y2
),
where Uij is the subset of Ui, where the indiated map is dened. For eah point p1 6= 0
in C, the fration
1
x1
an be interpreted as a power series in x1 − p1, onverging near
the point p1. In order to use the same identiations to glue the nonommutative
ane spaes U0, U1 and U2, we have to hoose, if, for (p1, p2) in C
2
with P1 6= 0,
we interpret
x2
x1
as the nonommutative power series x2 ·
1
x1
in x1 − p1, x2 − p2 or
as the nonommutative power series
1
x1
· x2. If, by onvention, we always use the
seond interpretation, we get ompatibility of the gluing maps. To be preise, the
isomorphism φ10 : (U01, OhU01 −→ (U10,OU10 of NC omplex spaes is given as follows:
The map of topolologial spaes U01 −→ U10 is as in the ommutative ase. The
assoiated map OU10 −→ φ10,∗OU01 is stalkwise given by the map C{y − q} −→
C{x− p}, sending y1 − q1 to the power series
∑
I a1,I(x− p)
I
, where
a1,I =
{
−1
pn+11
for I = (1, . . . , 1) (nopies)
0 else
and sending y2 − q2 to the power series
∑
I a2,I(x− p)
I
, where
a2,I =


−1
pn+11
· p2 for I = (1, . . . , 1) (n opies)
−1
pn+11
for I = (1, . . . , 1, 2) (n opies of 1)
0 else
We leave it to the reader to give an expliit desription of the other glueing isomor-
phisms. In this way, we dene an NC struture on the topologial spae CP 2. Exatly
in the same way, we get an NC struture OCPn on CP
n
, for eah n ≥ 2. The NC
omplex manifold (CPn,OCPn) is alled NC projetive spae. We shall denote it
by CPnNC . We reover the ordinary, ommutative projetive spae as abelization of
the NC omplex spae.
Example 3.4. (NC projetive varieties)
By Chow's theorem, eah omplex analyti subspae X of CPn is algebrai, i.e. given
by homogeneous polynomials f1, . . . , fm in C[x0, . . . , xn]. For eah i = 1, . . . ,m, we
an hoose a homogeneous lift of fi in f˜i ∈ C[x0|...|xn] and onsider the two-sided
ideal I of C[x0|...|xn] generated by those lifts.
...
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